REMARK ON THE MULTIPLE NIENER INTEGRALCU) NORTH 1

CAROLINR UNIV AT CHAPEL HILL CENTER FOR STOCNRST!C

PROCESSES R BRIGOLR MAR 87 TR-179 AFOSR- TR-O?-iO .
UNCLASSIFIED F49620-82-C-6448 N




LELE AR N AL TR IS IANRBAN N L P P T N R N T A T N L N N A NN A N A T T S Y X Y N I O Y T O O IO T N R T R O T O O E N YT A R

* -
8
i j2s I2.5
1.0 & 1= 1=
< —— s 32
‘ — L— k2 m2.2
X — e
y o
o O m2.0
- —
= |||||—'-8
/|
! MICROCOPY RESOLUTION TEST CHART
| NATIONAL BUREAU OF STANDARDS-1963-A
A)
' -
)

PN ‘* Y A AT .' PN RSN TR AR S G ('\ s."'
', "o
ERRRAS &Mm S RN e

\‘ H:. I'::tll'h" : §I ,- = ' - . ‘ V
%:‘ % : c WAL 4“' . Y

" . ‘ T "

a M e “ "' A i R m;:g '-iwi SRR TR e.::-:‘«.:?’r

u~ u O (Al .‘0.- N :"»' ..l?.l!'.\ ’\"\ \r‘ pag D A R R ey ~:~f‘

Alll‘.l "rh




NN TTUVT VR UN S X s REAERER LS AATAIT Y AR WK

QTG FHE COPY

UNCLASSIFIED

SECUR!ITY CLASSIFICATION OF THIS PAGE

r;

AD-A186 015

REPORT DOCUMENTATION PAGE

2. DECLASSIFICATION/DOWNGRADING SCHEDULE
M

1e. REPORT SECURITY CLASSIFICATION 1o, AESTRICT!IVE MARKINGS
UNCLASSIFIED

2s. SECURITY CLASSIFICATION AUTHQRITY 3. DISTRIBUTION/AVAILABILITY OFf REPORT
MA . . . .
i Aooroved for public release; Cistribution

Unlimited

4 PSAFCAMING ORGANIZATION REPORT NUMBEAIS)

Technical Report No. 179

5. MONITORING ORGANIZATION REPCRT NUMBERIS)

AFOSR-TR- 87~-1099

. JFFICE SYVMBOL
Af appuccdie

6a. NAME OF PERFQRMING OQRGANIZATION

University of MNorth Carolina

7a. NAME OF MONITORING ODRGANIZATION
AFQSR/NF

6¢c. ADORESS (City. Stace and 7IP Coae;
Statistics Dept.
Phillips Hall 039-A
Chapel Hill, NC 27514

5. ADORESS (City. Stare and ZIP Code;

Building 410
Bolling AFB, DC 20332-6448

Bs. NAME OF FUNDING/SPONSORING
ORGANIZATION

8b. OFFICE SYMBOL
(If appiicable)

9. PRAOCUREMENT ‘NSTRUMENT DENTIFICATION NUMBER

Remark on the multiple Wiener integral

|
!

F40620 BEXEXBXXEK 82 C 0009
AFQSR N
8c. ADORESS (City, State and ZIP Code) 10. SOURCE 2JF FUNDING NOS.
Building 410, sR0GRAM | PROJECT ! TASK WORK UNIT
Bolling AFE, DC 20332-6448 sevextvo o vo | o No.
11. TITLE iinciuae Security Classification 6 * ] ] OZF i 2304 i /q'c)

12. PERSONAL AUTHORI(S)
Brigola, R.

1Ja. TYPE QF REPORT 13b. TIME COVERED

'4 DATE OF REPORT Yr. Mo., Day) 15. PAGE COUNT

'l
V!

Preprint cmom  9/85 Lo 9/86 March 1987
tf
16. SUPPLEMENTARY NOTATION
17. COSATI COQES 18. SUBJECT TEAMS iConainue on reverse :f necessary and identify by block number)
FIELD GROUP sus. GA. PRI YR X KEDRIRIGK:

19. ABSTRACT 'Continue on reverse (f necessary and identi/y 5y dioc® number:

products of the lf—space.

. A short proof is given for Ito's result that the multiple Wiener integral can
be written as an iterated stochastic integral, using the martingale

property of Brownian motion and a simple property of svmmetric tensor

TIC

ECTE
0CT 0 71987

“E

20. OISTRIBUTION/AVAILABILITY OF ABSTRACT

—
f—

UNCLASSIFIED/UNLIMITED XB SAME aS RPT. _ OT!C USERS

21 ABSTRACT SECURITY CLASSIFICATION

UNCLASSIFIED

22s. NAME OF RESPONSIBLE INDIVIOUAL

| C 1

22b TELEPHONE NUMBER-JC 3§ {22¢. OFFICE SYMBOL

rinclude Area Code) et
XY

AFQSR/HY

ﬁ"

.l

NAF 1 0y 72 Q A LNRL D Y SN . ,
e Y e e e e T R e R e




AFOSR.TR- 87 - 1099
CENTER FOR STOCHASTIC PROCESSES

WA L A AT O s PO

. Department of Statistics
University of North Carolina
Chapel Hill, North Carolina

REMARK ON THE MULTIPLE WIENER INTEGRAL
by

R. Brigola

-~

X

%

T2

5

Technical Report No. 179

fo

March 1987

Y,
P
.

PP
s

W

ST

~/

-’.n._-'.--“-.v‘q.-.'-’.’-“‘ﬂ .-y n, "

AR COTR A N SO AN SOy
B

\ W‘..“.&ﬁ*ﬁ"ﬁ‘l- ‘.{Qf.\,

------




REMARK ON THE MULTIPLE WIENER INTEGRAL 'é
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Abstract

A short proof is given for Ito's result that the multiple Wiener integral can
be written as an iterated stochastic integral, using the martingale
property of Brownian motion and a simple property of symmetric tensor
products of the L2-space.

Accession For

NTIS GRA&I
DTIC TAB
o Unannounced 0
f‘ Justifiocation _ |
POPY.
INSPECTED
7 By.

Distribution/

Avallability Codes

iAvail and/or
Dist Special

Al

This research has been supported by AFOSR Contract No. F 49620 82 C 0009

.i X

() l‘ " .' { 4. B . ' Y y v, n‘.t ~'\‘.
(M ¢
VDV b‘r G A’,‘t’,‘i",.o',‘ of

AN 4 A AN T N "f‘V'r‘-'r SN
) ‘\l“.. IX 3| .‘ ‘.l .:0’.:‘:..‘2..‘:' NN

R S T R S



AT VO R TPrTIITI "
falotat 28 0.8 0.0 0 08y 4° g g VKO W OV A R AR g4 2a" 0 a8 a1d af! e

s YRR A o a0

2R s s N

1. Introduction

The important fact of the representability of L’.Brownian functionals as an Ito
stochastic integral may be proved by using the homogeneous chaos decomposition of the
L?-space of Brownian motion and showing as main step, that the multiple Wiener
b, integral can be written as an iterated Ito stochastic integral (cf. G. Kallianpur [4)).

3 For the proof of this latter fact, usually it is referred to Ito's way (cf. [2]) to showing the
Y representation

e 1
l(0=n!J
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L\ 3 t o1 n
\ 2 0 n
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:j (where I denotes the n-fold multiple Wiener integral, (Wt)mo'”Brownian motion,
“ f:{0,1]"—R a special elementary function of the form

fr P

.. (= Y . . la c.xa +ApoA 2 parition of (0.1]

,._':- ilﬂ"'in=l ll,.... ln ll In

L into Borel measurable subsets, a;,...,i, =0 if two of the indices iy,...,in are equal, and f,

M the symmetrization of f)

and to extending this formula by the usual technique of approximation and the
'j: properties of multiple Wiener integral and the Ito stochastic integral.

- Since it appears intricate to calculate the above iterated Ito stochastic integral for the

i J' - - - . - .

he symmetrization even of a special elementary function, I apologize the following short
’ proof, which uses the martingale properties of Brownian motion, a well-known formula

:-'?_f transferring different forms of Hermitian polynomials into each other, and a simple
O property of symmetric tensor products.
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2. Representation of the multiple Wiener integral as an iterated [to stochastic integral '

. . : E-g.

We will use the following notations: N

N

&"L2%([0.1)) the n-fold tensor product of the space < 5
L%(0,1], A), A the Lebesgue measure on [0,1]

N

®,"L%(0,1]) cl-lin{f;,®q... ®of, : £, € LA(0,1]), L si=n}, §

the corresponding symmetric tensor product, where P

1
(®, .. ®f:= —Nf ®.0f
] J 0 a— 1 n

n: 1 n 5%

" &

n = (my, ...,my) a permutation of the integers {1,...,n}, cl - lin A the :..

closed linear span of the set A. r

]

Lo*({0,1]°) denotes the symmetric L?-functions on (0,1]° . Sy

The (unnormalized) n-fold multiple Wiener integral I, for a special elementary function

fof the form . &
i L
f= S- a, ai l.-\i X..XA, v
ll.....ln=l ‘1"“‘ n 1 ‘n
is given by ,.
4
L= Na . WA L.WA ), i
n — ll.... .ln ll ln ::(
where :'“
]
1
4
W(A) = lo lf\th
is the stochastic measure corresponding to the Brownian motion (Wy)i¢(0.1] ‘-'
(Ay, ... ,Ap a partition of [0.1] into Borel measurable subsets, a;,, ... .i, =0 if two of the h
indices ;, ... .j, are equal). oM
[dentifving @," L*((0,1]) with Ly*({0,1]7), it is clear that the symmetric tensor ®"g
(g € L*(0.1]) corresponds to f€ Ly ( (0,1]°) , fit,, ... .t ) = g(t,)g(t,) ... g(t, ).
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Lemma ]. 'ﬂi
.12 x2 ‘

1 3/d\, "7 |
Leth(x):z(—l)"—ez(—)"c ? '
n (n!)f dx U:‘i
be the n-th normalized Hermite polynomial and ﬁ

2 2 v

(-0 >/ d .

H (t,x) = eh('—)"e i D
n n! dx 'a-,“
Then -‘:}g
vl

n
5
(A 3 X
H (tx) = =) hn( —)
n: t*
This formula is well-known.

Lemma 2,
®,"L3([0,1)) = cl-lin{®"g:g € L% [0,1])}

Proof. It is to show that forevery h ®,...®5h_€ ®," L%([0,1]) there exist
g, -8, €ELX(0,1]),},, ... .A_€R, réN such that
h®, .. ®h = _T_‘ \®"g.

We proceed by induction:

i) Leth ®,...®0h beof the form h * & h,"*, whereh*:= ®@*h .
Consider h * @, h,* as tensor of the symmetric tensor algebra S(E) on
the vector space E:=lin {h|, h,}.
S(E) is isomorphic to the polynomial algebra R [x,, x,] over R and
h * ®,h,™* corresponds to x *x,™*.

el aobcue \ Newasles Lol rgtrary e Sobate g g

e o g

The polynomials { x,*x,"* : k=0, .. ,n } form a basis for the
homogeneous polynomials of degree n in two variables.
Considere ":= (a;,x + aj,x2)" =

n

- N (“ )ak -k _k _n-k
—_— . 1 172 :
ke k 7 4y 1

The determinant of the matrix

{(:; ')u?‘u" (:‘ }a:lu“"'_”'( " Ja® "

"2 12 “n ll .,‘l1=ll. ..

is a polynomial in al,(O sisn.lsjs 2) . which is not identically zero.
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Lemma 3.

Thus we may fix suitable a , such that this determinant is not zero, i.e.
there exist linearly independent polynomials e, ... .e," of degree n,
which span R [x,, x2].

Thus there existA,, ... A with

x:x;'k = S_ Al
i=0
The polynomial e, corresponds in S(E) to ®"g,, where

g, = (aj hy + aj,hy).

Now identify h, ®; ... @gh, with a tensor in S(E) ,E = lin {h, ... b},

n

and thus with a polynomial x 1 .x,*2... x *n where

n
S_ki=n.
1=1

By induction we assume

c
xl:l(x:2... x:") = S .\ix:‘le:‘-kl

The elements of t‘t;g sum are polynomials of degree n in two variables
(with e, linear, homogeneous in x,, ... X_); thus they can be represented
as linear combinations of certain fj" (with f linear, homogeneous in x,,
.. %,). To £7 correspond ®"g, € S(E) ,which give the representation of

h ®;... ®;h_ we have been looking for.
#

Let (Q, F. P) be a probability space, (Fi)i=z9 a right-continuous
filtration, X, =0, (X)t=0 a continuous semi-martingale.
Then

o Ch -1
| ax,_ | dx, ] dx, =H,‘(<x.x>l,x,)
1y 1:0 2 ) a ’ )

For the proof of this result, see for example (1].

Now [to's result can be proved very easily:
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Proposition (Ito [2]). ﬁ
The multiple Wiener integral can be written as an iterated stochastic integral, i.e. for iy
FeL2([0,1)°): R
vlw(l'w(l""wr | t§
. Lo =n| aw (| aw, ] ew, o“n--~-v‘n’))» ‘
where f; is the symmetrization of f. "
Proof. By the linearity of stochastic integrals, the inequality *:
( Y Yot 2 | -

dw w (! w ’ i

o ([ e ([ 0w, s <|]s

(g € L% [0,11)), and by the fact (cf (4] and [5]) ,that the n-fold multiple
Wiener integral induces an isometric isomorphism J_ from ®," L*( [0,1])
onto the n-th homogeneous chaos in L? (Q, F¥, P), such that for

fit,,....t) = g(t,)...g(t ), g € L*([0,1})

1

a [gdW
0 .

o | w7

).

it suffices to show the assertion for functions f of the form
fit,, ... .t)) = g(t,)...g(t,) for g € L({0,1]) , by Lemma 2.

[0 =mhtd (8% = @mh

=]

Since

‘ Ig‘ ‘ J gisidW A «f(1])

we have by Lemma 1:

t 1
(n(ﬂ = n!Hn( < [og(s)dws o Jo g(s)d\\rs) ,

and Lemma 3 proves the assertion.
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